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Abstract  

In this paper, we propose an 

approximate model called multi-

conductor transmission line 

model (MTL) for transient 

analyses of grounding grid buried 

in dispersive grounds. The 

grounding grid is corner and 

center-subjected to lightning 

current. The simulation results 

via this model are in good 

agreement with full-wave 

methods in previously published 

papers. In addition, the run-time 

using this model is considerably 

reduced. 
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Introduction 
Grounding systems such as horizontal 

electrodes, vertical rods, and grounding grids 

play an important role in discharging 

lightning current striking telecommunication 

towers into ground. To this aim, they are 

should be correctly designed. Design of such 

grounding devices is dependent on accurately 

computing transient voltage of them. Hence, 

a number of approaches either in time domain 

[3-5] or frequency domain [6-9] have been 

proposed. Time domain methods are suitable 

for transient analysis in only-ionized ground, 

whereas frequency domain ones are suitable 

for inclusion of dispersion of ground. For 

instance, in transient analyses of grounding 

systems buried in dispersive ground, K. 

Sheshyekani et al and S. Visacro et al used 

finite element method (FEM) [7], hybrid 

electromagnetics (HEM) [8, 9] respectively. 

To consider both two effects, the hybrid 

approach based on combining method of 

moments (MoM) [10] and vector fitting [11] 

has been used by J. He et al [12]. 

All of the above numerical methods solve 

Maxwell’s equations in somehow. These 

approaches, however, suffers from time 

consuming and complex computations which 

from engineering point of view are not 

advantageous. In contrast with accurate 

models, approximate models have been 

proposed. These include transmission line 

modeling method in one dimension (TLM-1-

D) [13], multi-conductor transmission line 

model (MTL) [14]. In one hand, since TLM-

1-D is a time domain approximate model, 

ground ionization can be easily incorporated, 

however, soil dispersion cannot be treated. 

On the other hand, the MTL as a frequency 

domain approximate model can be used in 

transient analyses of grounding grids buried 

in dispersive grounds. Validity of the MTL in 

transient analyses of grounding systems 

buried in grounds of constant electrical 

parameters was only investigated in [14]. In 

this study, capability of the MTL both in 

analysis and in design (effective area) of 

grounding grids buried in dispersive grounds 

is investigated. The simulation results show 

that the MTL is suitable in practical 

applications. This modeling approach is 

completely explained in the next section.  
This paper is organized as follows. In section 
II, modeling principles of the MTL is 
explained. Section III is focused on analysis 
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and design of grounding grids buried in 
dispersive ground. Finally concluding 
remarks are given in section IV. 
 
Modeling Principles 

 

MTL-Based Formulation 
The main idea of the MTL is based on solving 
the following set of equations describing the 
propagation phenomenon in transmission 
lines:  
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where Z and Y  represent, respectively, the 
series impedance and parallel admittance per 
unit length, I and V are, respectively, the 

phasor of current and voltage, ZYP  , YZPt 

and x  is the variable of length.   
Applying a linear transformation in order to 

diagonalize P and
tP , solutions to (1) and (2) 

can be expressed as follows 
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Rewriting (3) and (4) in matrix form, we have  
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where )lcoth(YDA 0  and 

)l(hcscYCB 0  . 
sV and 

sI  represent, 

respectively, the voltage and current at the 

sending end of the line, and 
rV and 

rI  are, 

respectively, the voltage and current at the 

receiving end of the line. Also,  and l

denotes the propagation constant and length 

of transmission line respectively. Note that 

sV and 
rV  are sending and receiving voltages 

with the respect to a point at infinite. Using 

(5), relation between sending and receiving 

currents and voltages for a conductor of 

length l  can be represented as a two-port 

network as shown in figure 1. 

 

 (a)  (b) 

 

 

 

 

 

 

 

Figue (1) (a): Single conductor with sending and receiving voltages and currents. (b): Its 

representation as a two-port network. 
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Now consider a grounding grid of 11  mesh 

(with four conductors) as shown in figure 

2(a). If each conductor in this figure is 

represented as two-port network, figure 2(b) 

is achieved in which  
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Figure 2 (a): Grounding grid consisting of single 11  mesh, (b): modelling mesh via two-

port networks.  

 

In figure 2(b), 
sI is a current source 

representing the lightning stroke in figure 
3(a). As seen in figure 3(b),

)1i(sri VV 

3,2,1i,0II )1i(sri  
and 

s1s4r III  . Now, 

applying these relations on (6) to (9), and 
combining them the following equation is 
achieved.           

   





































































3r

2r

1r

1s

4334

3322

2211

4141

s

V

V

V

V

ADC0B

BADC0

0BADC

C0BDA

0

0

0

I

               

(10) 
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Eq. (11) should be solved at each frequency 
from spectral content of lightning current. 
Finally )t(v 1s

, i.e., time representation of 

sending voltage at the junction point of the 
first and fourth conductors is easily computed 
as bellow 

 



N

1m

mmm,1s1s )tf2cos(V)t(v                                            

(12)   
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Where 
m,1sV , 

m are respectively magnitude 

and phase of 
1sV at frequency 

mf . 

 
Lightning Current 

In this study, the lightning current is a slow 
waveform (first stroke current) and 
represented as bellow 

)/t(
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       (14) 

All parameters in (12) are listed in table 1. 

Table 1-Parameters of first stroke current. Adapted from [15]. 

 

I0(kA) 1(µs) 2(µs) n 

 

28 

 

1.8 

 

95 

 

2 

 

Figure 3 shows time-domain and frequency-
domain representaions of the first stroke 
current. In this figure, the right axis 
represents the magnitude of lightning current 

in the frequency domain (
sI ) with spectral 

content begins from dc to a few MHz, 
whereas the left one represents the first stroke 
current in time domain.

  

 

 

 

 

 

 

 
 
 
 
 

 
Figure 3 Representation of first stroke current in the frequency domain (right axis) and in 

time domain (left axis). 
 
Dispersive Ground 
Since the focus in this study is on validity of 
the MTL in dispersive grounds, the frequency 
variation of electrical parameters of such 

grounds in this sub-section is represented. 
There are a few models representing such 
phenomenon [6], but without losing 
generality, the proposed model by S. Visacro 
et al [16] is used as bellow  

0 2 4 6 8 10
0

5

10

15

20

25

30

Time(s)

i(
t)

(k
A

)

10
2

10
3

10
4

10
5

10
6

10
-8

10
-7

10
-6

10
-5

10
-4

10
-3

10
-2

Frequency(Hz)

|I
(j

)|

 

 

Solid----- (time-domain) 

Dotted--- (frequency-

domain) 



42 

 

   65.073.0

0

6

0 100f.10.2.11)f( 
                                     

        (15) 










 kHz10ff.10.6.73.1

kHz10f2.192
)f(

4.03r
                             

        (16) 

Where
0 is low-frequency conductivity of 

the ground.  

Numerical simulation and Verification 

Grounding Potential Rise (GPR) 

In this section with the aim of validity, the 

MTL is applied on a grounding grid from [7] 

and shown in figure 4. As seen, the grid is an 

equally spaced m3m2   square and buried in 

depth of m5.0 . Each mesh within the grid is a

m1m1   square. In [7], such a grounding grid 

is analyzed based on finite element method 

(FEM). In this article, without losing 

generality, first stroke current is injected at 

center, corner of the grid separately or 

simultaneously. Simulation results for 

grounding potential rise (GPR) via the MTL 

is shown in figure 5. 

 

 

(a) 

 

(b) 

 

 

© 

 

 

Figure (4) Scematic diagram of grounding grid buried in dispersive ground. (a): Center 

injection,  (b): Corner injection, and (c): simultaneous injection at center and corner of the 

grid (two-port grid). Adapted from [7 ]. 

In this figure, dashed and solid lines denote 

with and without considering dispersion of 

the ground respectively. It is seen that good 

agreement with the individual ones in [7] is 

achieved (see figure 12(a) in [7]).  

In [7], the analysis was only carried out on 

the center injection. To further demonstrate 

the capability of the MTL, such a grounding 

grid is also corner-injected by the first stroke 

current. The simulation results are shown in 

figure 5.  
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(a) 

 
(b) 

 
© 

 

Figure (5) Grounding potential rise (GPR) for the m3m2   grid for (a): center injection, 

(b): corner injection, and (c): center and corner injection simultaneously (two-port grid 

with m/S001.00  ). 

As it is seen, corner injection results are 

greater than the individual ones for center 

injection which is in consistent with [17]. 

Finally, when the grid is injected at its center 

and corner simultaneously (two-port grid), 

GPRs at the two ports for m/S001.00  are 

computed and shown in figure 5©. 

Effective Area 

In this section, validity of the MTL in 

designing grounding grids buried in 

dispersive grounds is investigated. With 

reference to [18], the effective area (
effA ) is 

defined as an area beyond which the 

grounding grid is ineffective, i.e, an area 

within which the lightning current is 

completely discharged. This phenomenon is 

illustrated in figure 9 which is adopted from 

[19]. In this figure, the concept of effective 

length/area is illustrated. To compute these 

quantities, impulse impedance should be first 

defined and computed. Impulse impedance (

pZ ) is defined as the ratio of peak values of 

GPR and lightning current [18]. Then, the 

effective length (
effL ) is defined as the 

threshold value for the grid-side length since 

then impulse impedance becomes constant. 

Finally, as illustrated in figure 9, for corner 

injection, 
effA corresponds to the half value of  

 2

effL whereas for center injection it is equal 

to two times  2

effL . Consequently the 

effective area for center injection is four 

times that of corner injection as illustrated in 

figure 6. Gray circles in figure 6 denote 

effective areas. Note that
effL for center and 

corner injection is the same.  

Figure 7 shows 
pZ for three values of 

0 . 

From this figure, 
effL  is easily computed and 
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shown as solid circles for three values of 
0 . 

Now 
effA is computed via MTL and 

compared with the HEM-based extracted 

formulae in [9]. These formulae expressed as 

bellow are only for grounding grids under 

first stroke current   
2

effcornereff )L(2/1A 
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2
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Equations (16) and (17) represent effective 

area for corner and center injections 

respectively. Also in (19), k is a constant 

equal to 1 and 2 for corner and center 

injection respectively.  

 

Figure (6) Illustration of effective areas (grey circles) for center (B) and corner (A) 

injections of a typical grounding grid. Adapted from [19]. 

Table 2 compares the computed effective 

length for the grounding grid under 

consideration using MTL and HEM. As seen 

in this table, good agreement between the 

proposed model and accurate model is 

achieved. The slight difference between the 

two models may be due to truncation error of 

the lightning current in the frequency 

domain. Finally the effective area for 

different injections are computed and listed 

in table 3.  

 

Figure (7) Impluse impedance for the grounding grid versus grid-side length for three 

values of 
0 (for center and corner injections). 

 

Table 2- Comparing Effective lenth (
effL ) in (m) for corner and center-injected grounding 

grid via MTL and HEM. 
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Table 3- Comparing effective area (
effA ) in 2m based on the MTL for center and corner-

injected grounding grid. 
)m/S(0   

0.01 

 

0.001 

 

0.0005 Injection  

Corner 144.5 882 2312 

Center  578 3528 9248 

 

Conclusion 

In this study, the MTL-based approach was 

used for transient analysis and design of 

grounding systems. The simulation results 

show that firstly in comparison with accurate 

approaches such as FEM and HEM, it is in 

good agreement, secondly computation time 

is vanishingly short. 
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